
CJIyqruo A = Df ' (o606meHHaJI npoH3Bo,uHaJI 

f..{A) =J(Az), COOTBeTCTByeT o606meHHblH pSl,u (1). 

I-IMeeT MeCTO cJIeAYJOmee YTBep)!(JleHHe, llBJUllOmaJICli o606meH 
TeopeMbl e,uHHCTBeHHOCTH UlBapua-J1eoHTbeBa. 

TeopeMa eOuHcm6eHHocmu. DYCTb A JIHHeRHblH onepa 
,neHcTBYJOmHR B H, HMeeT nopll,nOK ,6(A) > O. {II nycTb <p(A) - ueJIaJI CKaJIllJ 

. 1 
<PYHKUHlI nopll,UKa pOCTa p(rp) <--, HMelOmaJI 6eCKOHe'lHO MHoro H)'JIeH 1 

. ,6(A) 

H Bce OHH rrpOCTble. ECJIH dJ(F) = 0, j = 1,2... , TO X= O. 

OrMenIM, 'ITO B :nOR TeopeMe co,Uep)l!:HTCSI B Ka'leCTBe 'IaCTHhlX CJIY' 
PM TeopeM. e,UHHCTBeHHOCTH A.<1>. J1eoHTheBa, ,uoKa3aHHbIX HM ,l:IJIJI pi 
3KcrrOHeHT H o606meHHbiX 3KcrrOHeHT B IIPOCIpaHCTBax ueJIblX <PYHKUHR. 
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YPABHEHHE ,LUJH)KEHIDI HEC)KHMAEMOA CPE~ C 
IIEPEMEHHhIM K03Cl>Cl>HIJ:HEHTOM ,llHHAMlflIECKOH B.SI3KOC' 

,l{bSiKOHoB C.H., CTaBueBa O.B., qaycoB ,n.H. 
0PJl06CKUU 2ocyaapcm6eHHblu YHu6epcumem 

IIPHBOllHTCB nOJIHOe ypaBHeHHe HaBLe-CTOKca B TepMHHaX CKOPOCTH H llaBJlel 

KOTopoe onHCLIBaeT HeYCTaHoBHBweecs llBHlKeHHe HeClKHMaeMoil CPe):{LI C nepeMeHI 

KOltjlljlHl\HeHTOM lIHHaMH'IeCKOH BH1KOCTH C Y'leTOM 06'LeMHLU MaCCOBLIX CHJI. • 

OCeCHMMeTpH'IHOrO H DJlOCKOnapaJLllVlbHOrO HeCTal\HOHapHLII Te'leHHil YKalaE 

ypaBHeHHe BnepBble npellCT8BJleHO B TepMHHaX cJ!YHk'QHH TOKa B npOH1BOJIbHOH npa 

opTOrOH8JlbHOH CHCTeMe KPHBo,lHHeHHblx KOOp.ilHHaT BpawemlH H lanHCLIBaeTCH 

HVllIHeBHoe lIHcJ!cJ!epeHl\HaJlbHOe ypaBHeHHe B '1aCTHbIX npOH1BOlJ;HLIX 'IeTBep1 

nOplI.LI.Ka. IIony'leHHble cJ!0PMYJlbl MOryT HalITH WHpOKoe npHMeHeHHe lIJIK Y' 

HVlHlIeHHLIX H HeCTal\HORapUblX lcJ!cJ!eKTOB B palJlH'IHLIX npHKJl811RbIX 18118 

06TeKBHHil pearHpYIOWHX C nOTOKOM '1aCTHl\, KorlIS pemeHHe npOBOllHTCH 

KPBBOJIHHeHHOH CHCTeMe KOOP.ilHHST BpsmeHHSI (ccJ!epH'IeCKOH, ccJ!epOBJI&..lbl 

l\BJlBBJlPH'IeCKOH, 6HccJ!epH'IecKoll, TaHreHIIH8JlbHo-ccJ!epH'leCKOH, TOPOIlll8JlLHOit " T. , 

MCCJIe.LJ.OBaHHe oco6eHHocTeii .LJ.BHlICeHIDi HeClICHMaeMOH lICH,UKOCTH 
nepeMeHHoH B1I3KOCTblO IIpe,UCTaBJUIeT TeOpeTH'l:eCKHH H IIpaKTH'IeCKHH HHTept 
TO'lKH 3peHHSI Pa3JlH'IHblX reo<pH3H'IeCKHX H TeXHH'IeCKHX npHJIOllCeHHH 
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[eOHTbeBa), 

;06meHHeM 

onepaTOp, 

CKaJUIpHaJl 

:lYJIeH {Aj} 

.IX CJI)"laeB 

LlJIli PMOB 

IH. 

e e pRO no 

ue. Y'leHble 

Ann. Math. 

,I C 
~KOCTH 

I H )laBJIeHH.H, 

nepeMeUHblM 

.u CHJI. ,n,nB 
Ii YK83aUHOe 

/.bHoil npaBoil 

blBaeTCH ICalC 

'1eTBepToro 

! )lJI1I y'leT8 

lbU 3a)la'laX 

HlBO)lHTCH B 

epOH.lla.lbHoH, 

bHOH H T • .II.). 

XHLlKOCTH C 

iH HHTepec C 

[JIO>KeHHH K 

Te'leHHIO nOJIHMepHbIX paCnJIaBOB [1), THKcOTponHbIX >KH.llI<OcTeH [2] HJIH 

IDBep>KeHHIO CHJIbHOBlf3KOH MarMbI P). B nOCJIeLlHee BpeMlf Ba)l(HbIM H 

u:ryMbHbIM npeLlCTaBJIlfeTClf H3Y'feHHe LlHHaMHKH 'laCTHU npH 3Ha'lIITeJIbHbIX 

'penaLlax TeMneparypbl B HX OKpeCTHOCTH [4 - 10]. HeoLlHopoLlHoe 

pacn peLleJIeHHe TeMneparypbl B oKpY>KalOlUeif cpeLle MO)l(eT 6blTb Bbl3BaHO 

JIH'fHbIMH cpaKTOpaMH, HanpHMep, BHeUlHHM rpaLlHeHToM TeMneparypbl 

I I - 13], nOJIeM 3JIeKTpOMarHHTHOrO H3JI)"leHHlI ,[ 14, 15], XHMH'1eCKOH: peaKUlieH 

88 rpaHIf'IHOH nOBepxHocTH [16, 17], npoueccoM paLllioaKTHBHoro pacnaLla 

ac:m eCTBa '1aCTHUbl H T . ,IJ,. HarpeTaJl nOBepxHocTb rH)lp030nbHOH: 'laCTlUlbl , KaK 

npaBHJIO, OKa3bIBaeT 3Ha'fHTeJlbHOe BJIHlfHlte Ha renJIocplt3H'1eCKHe 

p aKTepHCTHKH oKpy*alOlUeH cpeLlbl (1t3 Bcex K03CPCPHUHeHTOB nepeHoca B 

IH)lKOCTIf TOllbKO LlHHaMIi'1eCKali B1I3KOCTb Hali60nee CHJIbHO 3aBHCHT OT 

~nepaTYPbl [12, 18, 19]). B pe3YJIbTaTe BHe '1aCTHUbI Ha6.'1IO,naeTCli 

/ m ecTBeHHalI LlecpopMauHlI BeKTOpHOrO nOllll CKOpOCTeH: H CKMlIptlOrO 

c npeLle.rleHHlI LlaBlleHIDI. 

BeKTopHoe nOlle cKopoCTeH vCr,/) H pacnpe,neneHHe LlaBJleHHH pCr,/) B 

'lKaX r npocTpaHcTBa rrpH LlBH>KeHHH HblOTOHOBCKOH cnllolUHoH cpe,nbl 

oopeLlelllflOTcli 1t3 perneHHlf CHCTeMbl ypaBHeHHH Haebe-CmoKca H 

Ilepa3PbIBHOCTIt . 

,lJ,.rr1l BblBOLla OCHOBHOro ,nHHaMH'feCKOrO ypaBHeHHlI ,nBH)l(eHIDl cpeLlbl 

HMeHHM K >KHLlKOMY 06'beMY T C MaccoH m, TeopeMY 06 1t3MeHeHHH rllaBHoro 

M!lCTOpa KOJIH'1eCTBa ,nBH>KeHHlI CItCTeMbl MaTepltMbHblX '1aCTHU K, paBHoro 

erpa,'ly OT npoH3Be,neHHH HX 3JIeMeHTapHbiX Macc dm Ha BeKTOpbI CKOPOCTeH 

K= fVdm= fpVdT. 
m ~ 

HpaBHHBali HH,nHBH,IJ,yMbHyro npoH3BoLlHyro no BpeMeHH OT rJIaBHOrO BeKTOpa 

1D.'H'~eCTBa LlBH>KeHIDl rnaBHOMY BeKTOpy BHeUlHHX MaCCOBblX H nOBepXHOCTHblX 

CIL', nOrry<!HM 

dK f - fTt= I pfdT + Pn dS , 
r S 

j - nJIOTHOCTb pacnpeLlelleHIDl 06'beMHbIX CHJI, Pn - BeKTOp Hanplf>KeHHlI, 

JIO)l(eHHbIH K JIHueBOH CTopOHe rrJlOlUaLlKH dS . 

npeLlnOJIaraJl, 'fTO npHTOK MaCCbl OTCYTCTByeT, 3anHUJeM ypaBHeHHe 

aMHKH CnJIOUlHOH cpe,nbl " B Hanplf>KeHHlfX" 

av -00 op 0
p-+p(vV)v=pf+ 'Px +_Y + 'P z . 

& ox ~ & 
HcrrOJIb3Yll peOllOrH'leCIGIH 3aKOH HblOTOHOBCKOH HeC>KHMaeMOH BB3KOH 

DllJ(OCTH [20]. HMeeM LlHcpcpepeHuHMbHoe ypaBHeHHe Haebe-CmoKca B 

M HHax CKOPOCTH vCr,/) H LlaBlleHHB pCr,/) 
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p av + p(vv)v = Ii - vp + I]l'!v + Vx (v x VI]) + V(vVI])- vI'!I] , (1)ot 
KOTopoe RBJUleTCR HeJlHHeHHblM, TaK KaK BTopoe CJlaraeMOe B JleBOH '1acTH 

npoHcxo,nHT OT HHepUHoHHoro KBa,npaTH'IHoro no CmoKcy 'lJleHa (vV)v. 
OcecuMMempU'lHOe me'leHue. 

TIyCTh B npOH3BOJlhHOH npaBoH opTOrOHaJIbHOH CHCTeMe KPHBOJlHHeHHhlx 

Koop,nHHaT (q[, q2, lp) BpameHHR TO'lKa r = (x,y, z) Ha6mo,neHHH y,naJIeHa OT OCH 

Z CHMMeTpUH ,ilBH)f(eHUj{ Ha paCCTORHHe r, a '1epe3 lp = q3 0603Ha'laeTCR 

a3HMYTaJIbHbIH yroJl npoeKUHH 3TOR TO'lKH Ha fIJIOCKOCTh Z = 0. MeTpWieCKHe 

K03<p<PHQHeHThI (hi' hz•h) onpe,nemllOTcR C nOMOmbIO <poPMYJI [21] 

lor ,2 [ \ az J2 
i = 1;2;3.

Oqi j + oqi 

B ocecHMMeTPH'lHOM cJI)"lae CKOPOCTh V H 06beMHaR MaCCOBM CHJla f 
RBJljflOTCH nOJUlpHblMH BeKTopaMH. 

av 
alp =0, €lpv=o. 

YCJlOBHe HeC)f(HMaeMOCTH cpe,nh] n03BOJlReT BBeCTH CKaJIilPHYIO 

0,D.H03Ha'lHYIO <PYHKQHIO TOKa '¥ = '¥(r, t), KOTOPM y,D.OBJleTBOPReT 

COOTHoweHHRM [21] 

l-f3BecTHhle <pOPMYJlbI BeKTopHoro aHaJIH3a n03BOJljlIOT ypaBHeHHe (1) 3anHcaTh 8 

TepMHHax <PYHKQHjf TOKa 

p~ (£2'1')+ p hl:2{Y a('f', £2'f') 2(£ 2'f')a('f',y) }_ phlh2Y{~(fz) _~(fl)} = 
at y a(q, ,q2) a(ql,Q2) aql h2 aq2 hi . 

=1]£4,¥ + ( h]2 ~~ + hi 01] ~)(£2,¥)+£2(hI2 ~ o'¥ +h} 01] O'¥)_l oql oql oq2 Oq2 Oql aq, aq2 Oq2 

-hlh2h3{~(~~)+~(~~)}£2'f'_(hI2 8'f' ~+hi · 8'f' ~)D.17
aql h2h3 8Ql 8q2 h3hl 8q2 8ql 8Ql 8q2 aq2 

HJlH B onepaTopHoR <popMe 

p a(£2'f')+ p hl~2 {y 8(r£2'f'L2(£2'f') 8('f',Y)}' - phlh2Y{~( fz J-~(f' J} = 
a, r . aQI,q2) a(ql,Q2) 8ql h2 aq2 hi 

=1]£4,¥ + (v I])V(£2,¥)+ £2 ((v'¥)v 1]) - (I'!I])£2,¥ - (vI'! 7])v'¥ , 
r.n:e oceCHMMerpH'IHhle JlHHeHHhle ,nH<p<pepeHUHaJIbHhIe onepaTOphI 

nOpH,ilKa CmOKca H JIanIlaca onpe,D.eJljlJOTCli <poPMYJlaMH [21] 

£2 = hlh2 {~(hlh3 ~) +~(h2h3 ~)},
h3 oql h2 oq[ oq2 hi oQ2 
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")-VD.,,, (1) 

B neBoH qaCTH 

(vV')v . 

KpHBonHHeHHblX 

I Y.l\aneHa OT OCM 

'3 0603HaqaeTC,R 

O. MeTpMqeCKHe 

I] 

i = 1;2;3. 

.CCOBaJl CHlla J 

CTH CKaJl,RPH}'lO 

Y.l\OBlleTBOPJleT 

He (1) 3aIIHCaTb B 

h) a (II )}_
h2 oQ2 hi 

~ hi 0" 8'f')_
8q2 oq2 

t; a'll ~)L\17,(2)
&[2 &[2 

12) a (li I}
l h2 Oq2 hi} 

"1/).")V''¥ , 
~paToPbI BToporo 

- a (hi----0 J+-(h2--./).=h,h2h3 0 - 0 J} .{ oq, h2h3 oq, oqzl h3h, Oq2 
K o6eMM qaCTJlM .l\MHaMHqeCKOrO ypaBHeHI1J1 

: + ~ V'v 2 + (V' X v) x v) = -V'p -"V' x (V' xv)+ V' x(v xV',,) +V'(vV',,)- vD.", 

ropoe npe.l\CTaBlleHO B TepMHHax CKOPOC'l'H v(r,t) H llaB.ileHHJf p(r, t), 
·o.teRJIeM onepaulUo .l\HBepreHUIHI. Tor.l\a CKanxpHoe none llaBJJeHI1JI B cpe.ue 

',OilI1TCJI no H3BeCTHOMY paCnpe.l\elleHHIO CKopOCTeH H3 peWeHI1JI ypasHeHiiJl 

la nyaccoHa 

~ = D.( vV' 1] - .!. pv 2 j\ - pV'((V' xv) xIi) - V'("V' x(V' xIi)) - V'(VD.,,) . 
\ 2 

8 pc3ynbTaTe HMeeM 

1 2 a'll I 2 '¥ a'll,,,
[ (" ,2 (0 12] "()

P=--2 hi -,,-) +h2 -:;:- +hlh2 h3 ( \ + PI' (3) 
2y oqI cq2 J aQI,q2 

_hhh{0(E
2
'¥,,,) O('l',L\,,)} {,20'¥ a ,2 0'}' O}E2,¥

.1fJI - 123 - +p 11 --+ 12 - - - -+ 
- 0(qI,Q2) C(qI,q2) i3qI cql cQ2oq2 r2 

(4)
E2'f' 

- P-2 t-,q.' . 

Y 


flJlOCKOnapaJlJleJlb/-we me~eHue_ 
PaCCMOTpHM nnOCKOnapanlleJ1bHoe YCTaHOBHBweeCJI ,uBH)I(eHHe BII3KOH 

HeC)I(HMaeMOH cpe,ubJ 

av av OV OVv =0 _x =-Y =0 --x Y 0 /z =0, a/x = a/y=O. 
z , cz Oz ' at -81= , OZ az 

B :nOM cnyqae KOMnOHeHTbl BeKTopHoro nOllJl CKopOCTeH 3anMwYTCli TaK 

O'¥ h aq.' - - n'Tl
VI = - h2 - , V2 = 1-' v =ez x v T , 

oq2 aql 
T;{e e - e,uI1HHqHbIH BeKTOp, nepneH.l\HKymqlHblH nnOCKOCTIiM TeqeHHJf, KOTopbIez 

paJlnenbHbl .l\pyr ,upyry. ITpl1 h3 = 1 JII1HeHHble ,uHlj>lj>epeHUHaJlbHble onepaTopbl 

CmOKca H J7anJlaca I1MelOT o,uHHaKOBj'lO CTPYKTYPY 

E2 =D.=hlh2{~(!!L~J+~(!!1-~)}.
IOql h2 cql Oq2 hI Oq2 

,Unll nJlOCKOnapaJInenbHOro TeqeHHII <!>YHKUHII TOKa Y.l\OBlleTBOplieT 

.:m<!>lj>epeHUHaJlbHOMY ypaBHeHHIO B qaCTHblX npOH3BO.l\HbIX qeTBepToro nopMKa 

"D.2q.'+ I(hr~!l} +hf 0" ~1D.q.'+~(hI2~~q.' +hf 0" O'¥ J-
Oql OqI aQ2 Oq2) "oql oql Oq2 aq2 
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_h'h2{~( h,-~) + 0 (h2 0'7 )}~IJ' _(h,2 01J' ~ + hi 01J' ~)~'7 = 0 (5) 
oq , ~hz oq, oqz h, oqz oq, oq, oqz oqz 

HnH BonepaTopHoH 4lopMe 

1]~21J' + (V 1]Xv~IJ') + ~(('VIJ')v '7)- (~1])~IJ' - (V~ '7)VIJ' = O. 
CKaJulpHoe none )l.aBneHHlI 3anHllIeTCR TaK 

a(IJ','7) {a(E ZIJ',1]) O(IJ',~1])}
p=p, +hJ hZh3 ( )' ~Pl =h,hzh3 ( ) - ( ).

aq"qz aq"qz oqJ,q2 
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